Abstract. Let M be a Riemannian globally symmetric space of compact type, M ′ its set of maximal flat totally geodesic tori, and ad(M ) its adjoint space. We show that the kernel of the maximal flat Radon transform τ :
Introduction
As part of his 1911 doctoral dissertation (published as [Fun13] ), Paul Funk considered the problem of recovering a function f on the sphere S 2 from its integrals over great circles. He showed that precisely the even part f + (x) = 1 2 (f (x) + f (−x)) of f can be recovered from these integrals, while the odd part is annihilated by them. Thus was born the Funk transform-integration over closed geodesics in a Riemannian manifold.
Funk's original motivation was a problem in differential geometry suggested to him by his advisor David Hilbert: the study of surfaces all of whose geodesics are closed. The sphere is the obvious example of such a surface, and Darboux around 1884 had given a necessary condition for other surfaces of revolution to possess this property.
1 In 1892, Tannery had constructed an explicit, though singular, example ( [Tan92] ), and in 1901 Otto Zoll, another of Hilbert's students, had constructed smooth examples (published as [Zol03] ). Funk's dissertation sought to identify smooth deformations of the standard metric on S 2 , all of whose geodesics remain closed at each stage of the deformation.
Funk's result on integration over great circles implied that no such deformation could exist if the deformed metrics were required to remain even (nowadays we say that the standard metric on RP 2 admits no such deformations). Conversely, given any odd function h, Funk tried to construct by power series a conformal deformation of the standard metric with initial derivative h, but was unable to prove convergence of his series. Convergence of such deformations was finally proved by Guilleman in 1976 ( [Gui76] ). Thus, for S 2 and RP 2 at least, the kernel of the Funk transform controls the Zoll rigidity of the manifold.
2 These results were extended to S n and RP n , for arbitrary n, by Michel ([Mic73] ) and Weinstein (see [Bes78, p. 120] ). Around this time, similar integral transforms arose in several related contexts. A smooth family {g t } of Riemannian metrics on a compact manifold M is said to be isospectral if the Laplace spectrum of (M, g t ) is independent of t. Such families are plentiful: given any local one-parameter group of diffeomorphisms φ t : M → M and any metric g on M , one obtains an isospectral family by setting g t equal to the pullback of g along φ t . Examples of this type are trivial in the sense that (M, g t ) is isometric to (M, g) for every t. One says that (M, g) is spectrally rigid if every isospectral deformation is trivial in this sense, and spectrally rigid to first order if every isospectral deformation agrees with a trivial one to first order in the deformation parameter t.
In the case of Riemannian globally symmetric spaces of compact type, results of Guillemin in [Gui79] implied that spectral rigidity is related to a certain natural "thickening" of the Funk transform. To be specific, let us refer to any integral transform obtained by integrating over a fixed class of totally geodesic submanifolds of fixed dimension as a "Radon transform." (Thus the Funk transform is the Radon transform associated with compact submanifolds of dimension one.) For the case where M is a Riemannian globally symmetric space of compact type, Guillemin's results implied that the initial derivative of any isospectral deformation must lie in the kernel of the Radon transform associated with maximal totally geodesic flat tori. One says that M is Guillemin rigid if the Lie derivatives of the metric (i.e. the initial derivatives of trivial deformations) fill the entire kernel of the maximal flat Radon transform for symmetric two-forms.
3 Then Guillemin rigidity is a sufficient condition for first-order spectral rigidity. Since the kernel of the Funk transform is contained in the kernel of the maximal flat Radon transform, an observation of Michel ([Mic73, Proposition 2.2.4]) implies that Guillemin rigidity is also a sufficient condition for first-order Zoll rigidity of P l -metrics.
Each Riemannian globally symmetric space M of compact type admits a unique adjoint form (or universal covered space): another symmetric space admitting M as a Riemannian cover, and not itself properly covering any other symmetric space. (For example, the adjoint form of the sphere S n is the real projective space RP n .) In [Gri92] , Grinberg conjectured that the maximal flat Radon transform for functions is injective if and only if M coincides with its adjoint form.
In a monumental study ([GG04] ), Gasqui and Goldschmidt determined precisely which Grassmannians (over R, C, or H) are Guillemin rigid. Aware of Grinberg's conjecture, they observed that their criterion is equivalent to the requirement that M coincide with its adjoint form, and went on to prove that, if Grinberg's conjecture is true, then the only candidates for Guillemin rigidity are the irreducible adjoint spaces.
In the present paper, we prove a refinement of Grinberg's conjecture: the kernel of the maximal flat Radon transform consists precisely of those functions orthogonal 2 To be precise, let us say that g is a P l -metric if all its geodesics are periodic with least period l; that {gt} is a P l -deformation of g 0 if gt is a P l -metric for all t; that the deformation {gt} is trivial if (M, gt) is isometric to (M, g 0 ) for all t; and that g is P l -rigid (or Zoll rigid) if every P l -deformation of g is trivial. Then Funk's results showed that RP 2 is Zoll rigid, while Guillemin's convergence argument showed that every odd function gives rise to a P l -deformation of S 2 .
3 See [GG04] for the definition of the Radon transform on symmetric p-forms.
to all functions pulled back from the adjoint form (Theorem 6.1). Applied to the sphere S 2 , this recovers Funk's result of 1911: the kernel of the Funk transform consists of those functions orthogonal to all functions pulled back from RP 2 (i.e. the functions orthogonal to all even functions, namely the odd functions). Our proof is based on elementary representation theory of the isometry group of M , and treats all Riemannian globally symmetric spaces of compact type uniformly; there is no case-by-case analysis.
The organization of the paper is as follows: in Section 2 we fix notation and gather basic tools; in Section 3 we show that the maximal flat Radon transform can be viewed as a Reynolds operator for a certain group of isometries of M ; in Section 4 we relate this Reynolds operator to highest weight theory; in Section 5 we relate the resulting highest weight theory to the extraction of the adjoint form; and in Section 6 we use our accumulated results to prove Grinberg's conjecture.
Preliminaries
In this section, we fix notation and gather some useful results from the literature.
2.1. Symmetric spaces and isometry groups. Let M be a Riemannian globally symmetric space of compact type, and let G be the identity component of the isometry group of M . Then G is a compact semisimple Lie group ([Hel78, Lemma IV.3.2, Definitions V.1, and Definition V.4]). Denote its Lie algebra by g 0 , and put g = C ⊗ R g 0 .
Fix a point p ∈ M , let σ be the geodesic symmetry of M at p, let K be the isotropy group of p in G, and let K 0 be the identity component of K.
. These three groups share a common Lie algebra k 0 (namely the set of fixed points of dθ), whose complexification we denote by k.
Since G is transitive on M ([Hel78, Theorem IV.3.3]), we have
2.2. The adjoint form. Let Z be the center of G, and define
Evidently this is a subgroup of G containing K. Since G is semisimple, Z is finite, so K has finite index in K Z . Let ad(G) = G/Z denote the adjoint group of G. Since θ stabilizes Z, we have an induced involution on ad(G), whose fixed point set we denote by ad(G) θ . One shows easily that K Z is the pre-image of ad (G) θ under the natural projection G → ad(G); hence the space
is again a Riemannian globally symmetric space of compact type; we refer to it as the adjoint form of M . Since K has finite index in K Z , the natural map π : M → ad(M ) is a covering map. In fact, ad(M ) is minimal in the isogeny class of M , by which we mean that it is covered by every Riemannian globally symmetric space whose universal cover is isometric to that of M ([Hel78, Corollary VII.9.3]).
2.3. Representative functions. Let H be any closed subgroup of G. Since G and H are both compact, they are both unimodular and the homogeneous space G/H admits a unique normalized left Haar measure µ G/H ([Loo53, Theorem 29E, Lemma 30A, and Theorem 33D]).
Define an action of G on L 2 (G/H) by the formula (gf )(
By the Peter-Weyl Theorem ([BtD85, Theorem III.5.7]), the algebra R(G/H) is dense in L 2 (G/H). In the case where H is the trivial subgroup, we can say more.
1 xg 2 ). Then (again since G is unimodular) this action is also unitary. Let e denote the identity element of G, and let LG and RG denote the groups G × {e} and
where Irr(G) denotes the set of isomorphism classes of irreducible representations of G. (Since G is compact, it follows from the Peter-Weyl Theorem that all of its irreducible representations are finite-dimensional.)
Returning to the case of arbitrary closed H, we note that the natural projection G → G/H induces an injection R(G/H) → R(G) intertwining the (left) action of G. Identifying R(G/H) with its image under this injection, we shall regard R(G/H) as a subalgebra of R(G). From [BtD85, Example III.6.3] we have
H where (V * ) H denotes the space of H-invariant vectors in V * . More generally, whenever H 1 ⊆ H 2 are both closed subgroups of G, we regard R(G/H 2 ) as a subalgebra of R(G/H 1 ) (and hence also a subalgebra of R(G)).
One says that H is a spherical subgroup of G if dim (V * ) H ≤ 1 for all V ∈ Irr(G). By passing to the complexified Lie algebra k and using the proof of [GW09, Theorem 12.3.12], one sees that K 0 is spherical. Hence K and K Z are also spherical. Let A = exp(a 0 ) be the Lie subgroup of G with Lie algebra a 0 , and let A be the closure of A. Then A is a compact abelian subgroup of G whose elements satisfy the equation θ(a) = a −1 . It follows that the Lie algebra of A is an abelian subspace of p 0 containing a 0 . But a 0 is maximal abelian in p 0 , so we have equality, and A is in fact a closed subgroup of G (hence a torus).
Since T is totally geodesic, it follows from [Hel78, Theorem IV.3.3] that the geodesics of T passing through p are precisely the orbits of p under one-parameter subgroups of A. But every point of T is joined to p by some such geodesic, so it follows that A acts transitively on T . Evidently the full stabilizer L is also transitive on T , so we can write 
That τ 0 (f ) depends only on the torus gT and not on g itself follows from the Linvariance of µ T ; that it depends continuously on gT follows from the compactness of G and T ; and that it is G-finite follows from the fact that τ 0 intertwines the left action of G.
In the sequel we shall show that τ 0 (f ) 2 ≤ f 2 (Corollary 3.2), from which it will follow that τ 0 admits a unique bounded extension τ :
. This extension is known in the literature as the maximal flat Radon transform on L 2 (M ); we shall call it the torus transform for short.
2.5. Weights and representations. Let t 0 be the centralizer of a 0 in k 0 . Then by [Hel78, Lemma VI.3.2], h 0 = t 0 ⊕ a 0 is a Cartan subalgebra of g 0 , and it is evidently stabilized by the action of dθ. Let H denote the maximal torus of G with Lie algebra h 0 . Next let a, t, and h denote the complexifications of a 0 , t 0 , and h 0 , respectively. The complexification of dθ stabilizes a, t, and h. From now on we shall use the same symbol θ to denote the involution of G, its differential, the complexification of its differential, and the induced involutions on the duals of all the vector spaces on which these act.
Let ∆ ⊂ h * be the root system of g with respect to h, and let Σ ⊂ a * be the restricted root system of the pair (g, k) (i.e. the set of non-zero restrictions of members of ∆ to a). Choose a positive system ∆ + for ∆ such that the non-zero restrictions of its members form a positive system Σ + for Σ. Let Π ⊆ ∆ + and Π ′ ⊆ Σ + be the resulting sets of simple roots. Denote by B the Killing form of g. Since B has non-degenerate restriction to h, it defines an isomorphism h → h * , by means of which we transfer B to an inner product (·, ·) on h * . Then B is negative definite on h 0 , but (·, ·) is positive definite on R∆, the real span of ∆ ([Hel78, Proposition II.6.6, Theorem II.4.2, and Theorem III.4.4]). For any α, β ∈ h * , define
Since the restriction of B to a is also non-degenerate, we can use the same procedure to define an inner product on a * . With this inner product, a * is naturally isometric to ann(t) ⊆ h * , with which we shall now identify it. Let W denote the normalizer of h 0 in G, modulo its centralizer. Then W acts faithfully on h 0 , hence also on h and its dual. One finds that W is generated by the root reflections {s α | α ∈ ∆}; hence W stabilizes R∆. We say that a weight λ ∈ h * is dominant if λ, α ≥ 0 for all α ∈ Π. This happens only when λ ∈ R∆, and each element of R∆ is W -conjugate to a unique dominant weight ([BtD85, Theorem V.2.12]).
Similarly, let W a denote the normalizer of a 0 in K, modulo its centralizer. Then W a acts faithfully on a 0 and hence also on a and its dual. It is generated by the root reflections {s α | α ∈ Σ}, so it stabilizes RΣ. A restricted weight ν ∈ a * is dominant if ν, α ≥ 0 for all α ∈ Π ′ . This happens only when ν ∈ RΣ, and each element of RΣ is W a -conjugate to a unique dominant restricted weight ([Hel78, Corollary VII.2.13 and Theorem VII.2.22]).
We say that a weight λ ∈ h * is algebraically integral if λ, α ∈ Z for all α ∈ Π. This happens only when λ ∈ R∆. A weight ω ∈ h * is dominant and algebraically integral if and only if it is the highest weight of some finite-dimensional irreducible representation V (ω) of g. In this case every weight of V (ω) is algebraically integral ([Kna02, Theorem 5.5]).
We say that a weight λ ∈ h * is analytically integral if it is the complexified differential of a character of H. In this case it is harmless to use the same symbol λ to denote the character of which it is the differential, and to say that a subset S ⊆ H is annihilated by λ if λ(s) = 1 for all s ∈ S. Every analytically integral weight is algebraically integral. A weight ω ∈ h * is dominant and analytically integral if and only if it is the highest weight of the differential of some irreducible representation of G, which we shall also denote by V (ω). In this case every weight of V (ω) is analytically integral ([Kna02, Proposition 4.59, Lemma 5.106, and Theorem 5.110]).
Properties of the torus transform
In this section we prove that τ 0 can be extended to a bounded operator on L 2 (M ), and that it coincides with the restriction of a Reynolds operator on R(G).
Recall that R(M ) can be identified with the algebra of right K-invariants in R(G), and R(M ′ ) can be identified with the algebra of right L-invariants. We have
Theorem 3.1. Let R A : R(G) → R(G) be the operator orthogonally projecting R(G) onto its space of right A-invariants, namely
where µ A denotes normalized Haar measure on A. Then for any f ∈ R(M ), we have
Proof. The torus T is isomorphic to A/(A ∩ K). The positive linear functional
is A-invariant, preserves monotone limits, and satisfies I(1) = 1; consequently I coincides with Haar integration over A ([Loo53, Theorem 29D]). If f is right Kinvariant, then the inner integral is just f (x) (this is depends only on the coset x(A ∩ K)) and we have
Proof. As above, the positive linear functional J :
coincides with Haar integration on G. It follows immediately that the injection
with their images in L 2 (G) sends τ 0 to the restriction of an orthogonal projection operator.
Supports of k-invariants
Let ω be an analytically integral dominant weight. Since K 0 is a spherical subgroup of G, the irreducible G-module V (ω) admits at most a one-dimensional space of k-invariants. In this section, we give a necessary and sufficient condition for a weight λ of V (ω) to lie in supp(ω). We begin with a lemma. Proof. This is [Hel78] Lemma VI.3.3. Now let Λ denote the lattice in h * generated by {α − θ(α) | α ∈ ∆}. We have Proof. First suppose that λ ∈ supp(ω). Since t ⊆ k and v ω is k-invariant, we have for any t ∈ t 0 = tv
from which it follows that λ(t) = 0. Then, for any x ∈ h, write x = x + + x − with x + ∈ t and x − ∈ a. We have
so that θ(λ) = −λ. The proof that ω − λ belongs to the lattice Λ is by induction on the height of ω − λ. In the base case, ω − λ = 0 certainly belongs to Λ. Otherwise λ is not a highest weight of V (ω) so we can find some positive root α with X α v ω λ = 0 (where X α is some non-zero element of the root space g α ). If α is fixed by θ, then Lemma 4.2 gives X α ∈ k, contradicting the k-invariance of v ω . Consequently
Again by Lemma 4.2, −θ(α) is also a positive root, so by induction, λ + α − θ(α) belongs to Λ, and the result follows immediately.
On the other hand, suppose that θ(λ) = −λ and ω − λ belongs to Λ. Recall that W a denotes the Weyl group of the pair (G, K). Since W a normalizes a it also normalizes the centralizer of a in g, namely t ⊕ a = h, and we may think of W a as acting on the full Cartan. Now W a stabilizes supp(ω), so we may assume that λ| a is dominant. Let t λ be the unique element of h for which (λ, µ) = µ(t λ ) for all µ ∈ h * . Since θ acts orthogonally on h, we have θ(t λ ) = −t λ , so that in fact t λ ∈ a. Then for each positive root α we have (λ, α) = α(t λ ) = (λ| a , α| a ) > 0 and thus λ is a dominant weight of g. Now write
with k α ∈ Z. Since ω is the highest weight of V (ω) we may take all k α non-negative. Evidently we may also take k α = 0 whenever α is θ-fixed. We proceed by induction on α k α . For the base case we must show that ω itself lies in supp(ω). But this follows by the argument of the last paragraph: starting with any weight in supp(ω), if it is not highest we can obtain a higher weight in supp(ω), and this process cannot go on forever. For the general case, note that (ω − λ, ω − λ) > 0 forces the existence of some positive root β with k β > 0 (and hence β not θ-fixed) such that the Cartan integer ω − λ, β is strictly positive. Since λ is dominant, this forces ω, β strictly positive also. Hence X −β v ω ω = 0, and by the argument of the previous paragraph this forces the weight ω ′ = ω − β + θ(β) to lie in supp(ω) also. Replacing ω by ω ′ and invoking the inductive hypothesis, we conclude that λ ∈ supp(ω).
Representative functions on the adjoint form
In this section we prove Corollary 5.6 characterizing the image of the injection R(ad(M )) → R(M ). We begin with a trivial modification of [KR71] , Proposition 1:
Proof. Suppose first that a ∈ F . We have θ(a) −1 a = a 2 ∈ Z, so F ⊆ K Z . Now K 0 is also the connected component of K Z , so F normalizes it and hence F K 0 is a group with F K 0 ⊆ K Z . On the other hand, suppose g ∈ K Z . Using the K 0 AK 0 decomposition for G ([Hel78, Theorem V.6.7]), we can write g = k 1 ak 2 for k i ∈ K 0 and a ∈ A. Then z = θ(g)
showing that a ∈ F . Thus g = k 1 ak 2 lies in F K 0 . Lemma 5.2. The group F coincides with the set {exp(a) | a ∈ a and (α−θ(α))(a) ∈ 2πiZ, ∀α ∈ Π}.
Proof. Evidently F coincides with {exp(a) | a ∈ a and α(2a) ∈ 2πiZ, ∀α ∈ Π}. But (θ(α))(a) = −α(a). Proof. Since R(M ) is dense in L 2 (M ), the kernel of τ is the closure of the kernel of τ o . Since A is connected, Theorem 3.1 implies that ker τ 0 consists of all those V (ω) such that supp(ω * ) contains no weight restricting to zero on a. But by Theorem 4.3, these are precisely the V (ω) such that ω * ∈ Λ, and by Corollary 5.6 these are precisely the V (ω) not in the image of the injection R(ad(M )) → R(M ) induced by the covering map. The result follows by taking closures.
This leads immediately to

